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Abstract. We review some material connecting gravity and the quantum potential and 
provide a few new observations. The main theme is that in utilizing a conformal (Weyl) 
geometry the metric plus the Weyl vector plus the quantum mass field determine spacetime 
geometry. There are strong connections to deBroglie-Bohm style ideas in quantum theory. 
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1. INTRODUCTION 

We sketch here first some results extracted from [H ^M HHSl UHl UHSl MR CHHl on 
relativistic Bohmian mechanics, Weyl geometry, and quantum gravity (cf. also ^ ^ IIUI 

^^^^7\^^ 25, 26idli^^ M M. M M M M^^]S^\SB\^]SS1^ 

EIlIZnilTllITSllHniEniEllESl UHD Cni IMl UnS inni ) • We use the Bohm-Weyl terminology 
to refer to a series of papers by Albohasani, Bisabr, Darabi, Golshani, Motavali, Salehi, 
Sepangi, A. Shojai, and F. Shojai dealing with the subject; it could perhaps be called the 
Tehran approach or named after some group of authors. However the idea of linking Weyl 
geometry and deBroglie-Bohm type quantum theory also does appear elsewhere as indicated 
in this paper and was perhaps first noticed in |H7j (cf. also |75j). The "Tehran" version is 
consolidated and summarized in 11081 by A. and F. Shojai. 
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2. SKETCH OF DEBROGLIE-BOHM-WEYL THEORY 

From 30^ (and references cited there) we know something about Bohmian mechan- 
ics and the quantum potential and we go now to |lU4j to begin the present discussion. 
In nonrelativistic deBroghe-Bohm theory the quantum potential is (cf. [30j) (Al) Q = 
— (/i^/2?TT,)(V'^|^|/|^|). The particles trajectory can be derived from Newton's law of mo- 
tion in which the quantum force — VQ is present in addition to the classical force —W. 
The enigmatic quantum behavior is attributed here to the quantum force or quantum po- 
tential (with ^ determining a "pilot wave" which guides the particle motion). Setting 
$ = yJ^exp[iS/K\ one has 

, , dS |V5P ,, ^ dp ^ / VS\ 

We follow the standard Bohmian approach here and refer to fTnil^Onil!MI!^llllllHl[^ l^ 
for the Bertoldi-Faraggi-Matone development; there will be some surprising connections 
arising later. The first equation in 1)2. 1() is a Hamilton-Jacobi (HJ) equation which is iden- 
tical to Newton's law and represents an energy condition (A2) E = {\p\'^ /2m) + V + Q 
(recall from HJ theory —(dS/dt) = E{= H) and V5 = p (cf. [31]). The second equation 
represents a continuity equation for a hypothetical ensemble related to the particle in ques- 
tion. For the relativistic extension one could simply try to generalize the relativistic energy 
equation (A3) if^uP^^P'^ = rr?(? to the form (A4) rj^j^^P'^P'' = m?c^{l + Q) = M'^c^ where 
(A5) Q = {h^/m'^c^){U\m\^) and 

(2.2) M^ = m^[l + a-^]; a 



y 1^1 ) ' mp'cp' 

This could be derived e.g. by setting ^ = ^exp{iS/fi) in the Klein-Gordon (KG) equa- 
tion and separating the real and imaginary parts, leading to the relativistic HJ equation 
(A6) r^^yd^'Sd^'S = m^c^ (as in ((2U - note P^' = -(9^5) and the continuity equation 
(A7) d^{pd^S) = 0. The problem of A4^ not being positive definite here (i.e. tachyons) is 
serious however and in fact (A4) is not the correct equation (see e.g. |1U61I1U8] ^. One must 
use the covariant derivatives V^ in place of d^ and for spin zero in a curved background 
there results (cf. [Ml HUB] ) 

(2.3) V^(pV'^5) = 0; ^'^'^V^^V.^ = m^c^; 

To see this one must require that a correct relativistic equation of motion should not only 
be Poincare invariant but also it should have the correct nonrelativistic limit. Thus for a 
relativistic particle of mass 9Jt (which is a Lorentz invariant quantity) the action functional is 
(A8) 2t = j d\{l/2)^{r){dr^/d\){dr^ /dX) where A is any scalar parameter parametrizing 
the path r^{X) (it could e.g. be the proper time r). Varying the path via r^ ^ r^ = r^ + ^^ 
one gets 

' djjj_(M^ ldJJ^dT^^ 
dX dX 2 dX dX ^"^ ' 

By least action the correct path satisfies (AlO) (521 = with fixed boundaries so the equation 
of motion is (All) (d/(iA)(9Jln^) = (\|2)uyu''^^moY (A12) •^{du^jdX) = ((l/2)r7^^M„t("- 
u^Uy)d^^ where u^ = dr^/dX. Now look at the symmetries of the action functional (A8) 



(2.4) 21^ 21' = 21 + M = 21+ I dX 
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via A — > A + (^. The conserved current is then the Hamiltonian ij = — £ + u^{dil/du^) 
{l/2)dJtu^u^ = E. This can be seen by setting (521 = where 



1 du^^ 



(2.5) = (521 = 21' -21= I dX 

which means that the integrand is zero, i.e. (A14) {d/dX)[{l/2)dytu^u^^] = 0. Since the 
proper time is defined as c^dr"^ = dr^j^dr^ this leads to (A15) (dr/dX) = y^{2E/Tlc^) 
and the equation of motion becomes (A16) Tl{dv^/dT) = {l/2){c^rj^y — v^Vu)d'^Tl whre 
v^ = dr^/dr. The nonrelativistic limit can be derived by letting the particles velocity be 
ignorable with respect to light velocity. In this limit the proper time is identical to the 
time coordinate t = t and the result is that the /i = component is satisfied identically 
via (A17) Tld'^r/dt^ = -(l/2)c2V9Jl (r ~ f). One can write then (A18) m{d^r/dt^) = 
—\/[{m(?/2)log(^yR/li)\ where /i is an arbitrary mass scale. In order to have the correct 
limit the term in parenthesis on the right side should be equal to the quantum potential 
so (A19) 971 = /iexp[— (/i^/?TT.^c^)(V^|^|/|^|)]. Thus the relativistic quantum mass field 
(manifestly invariant) is (A20) 971 = /iexp[(/i^/2m)(n|^|/|^|)] and setting /i = tti we get 
(A21) 9Jt = mexp[{lT? /m'^(?){0\^\/\^\y\. If one starts with the standard relativistic theory 
and goes to the nonrelativistic limit one does not get the correct nonrelativistic equations; 
this is a result of an improper decomposition of the wave function into its phase and norm in 
the KG equation (cf. also ^01 for related procedures). One notes here also that (A21) leads 
to a positive definite mass squared. Also from |106' this can be extended to a many particle 
version and to a curved spacetime. In summary, for a particle in a curved background one 
has (cf. |lU8j which we follow for the rest of this section) 

(2.6) V^(pV^5) = 0; g^^'V^SV.S = Tl^c^; 971^ = rn^e^; Q = ^, „ °,^j^' 

Since, following deBroglie, the quantum HJ equation in 1)2. 6() can be written in the form 
(A22) (m'^ /dJl'^)g^'^'V fj^SV^S = m?(? the quantum effects are identical to a change of 
spacetime metric (A23) g^y -^ g^j^y = (97l^/m^)g(^,y which is a conformal transformation. 
Therefore (A22) becomes an equation (A24) g^'^V f^SV ,yS = m'^cP where V^ represents 
covariant differentiation with respect to the metric g^jy. The continuity equation is then 
(A25) g^uV ^{pV uS) = 0. The important conclusion here is that the presence of the quan- 
tum potential is equivalent to a curved spacetime with its metric given by (A23). This is 
a geometrization of the quantum aspects of matter and it seems that there is a dual aspect 
to the role of geometry in physics. The spacetime geometry sometimes looks like "gravity" 
and sometimes reveals quantum behavior. The curvature due to the quantum potential 
may have a large influence on the classical contribution to the curvature of spacetime. The 
particle trajectory can now be derived from the guidance relation via differentiation of (|2.6j) 
leading to the Newton equations of motion 

(2.7) 371^ + mV^^u'^u'' = {c^g^"" - u^'u'')V^m 



Using the conformal transformation above (|2.7j) reduces to the standard geodesic equation. 
Now a general "canonical" relativistic system consisting of gravity and classical matter 
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(no quantum effects) is determined by the action 



1 
2k 



(2.8) ■A = i: I d^xy/^n + / d^^V^i^ [ ■^^t.sv'^s - ^p 



K' 



P 



m 



where k = 8ttG and c = 1 for convenience. It was seen above that via deBroglie the 
introduction of a quantum potential is equivalent to introducing a conformal factor Q^ = 
SDT^/m^ in the metric. Hence in order to introduce quantum effects of matter into the action 
(|2.8|) one uses this conformal transformation to get (1 + Q ~ exp{Q)) 



(2.9) 



21 



1 
2k 



d'^x^/^inn^ 



d'^x^/^ —n'^Vf.SVf'S - mpQ"^ + 



m 



- 6V^0V^0)+ 




/xV-5A 


Q^- 


V m'^ Vp J . 



where a bar over any quantity means that it corresponds to the nonquantum regime. Here 
only the first two terms of the expansion of SDT'^ = m'^exp{£l) in (|2.6)) have been used, 
namely Wl^ ~ m?{l + £2). No physical change is involved in considering all the terms. A is 
a Lagrange multiplier introduced to identify the conformal factor with its Bohmian value. 
One uses here g^^ to raise of lower indices and to evaluate the covariant derivatives; the 
physical metric (containing the quantum effects of matter) is g^i, = ^"^g^iu ■ By variation of 
the action with respect to g^u, ^, P, S, and A one arrives at the following quantum equations 
of motion: 

(1) The equation of motion for O 



(2.10) 



2k 



nil + 6nO + —pVL{V^SV^'S - 2m^n^) + 2k\^ = 



m 



(2) The continuity equation for particles (A26) V^{p9?V^'S) = 

(3) The equations of motion for particles (here a' = a) 



(2.11) 



2171 



\^J p 



(4) The modified Einstein equations for gfj^p 



(2.12) 



n^ 



n 



flU 



-.QiJiu'R- 



[g^^W - V^V^][72 - ev^i^v^i] + 3^^^V„r?V"l]+ 



2k 
m 



+—pn'^Vf,sv^s 



m 



pQ.'^g^^VaSV^S + Kmpil.^g^u+ 



+- 



ih^ 



m^ 



v^VpV, 



+ v^^v^ 



7p 



Ktf - 
oQiiu^c 



Vp . 



(5) The constraint equation (A27) Vt^ = I + {h^ / m'^)[{^ ^/p) / ^] 

Thus the back reaction effects of the quantum factor on the background metric are contained 
in these highly coupled equations. A simpler form of 1)2.10(1 can be obtained by taking the 
trace of (ITT^ and using (OTH which produces (A28) A = {h^ /m^)V ^[\{V^'^)/ ^]. A 
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solution of this via perturbation methods using the small parameter a = h'^/m'^ yields the 
trivial solution A = so the above equations reduce to 

(2.13) V^ipn^V'^S) = 0; V^SV'^S = m^il"- 0^, = -k%^;^'^ - K%fJ 
where %]^ is the matter energy-momentum (EM) tensor and 

(2.14) <? = b.^°-V,.V.-l"^ + ,Yl^ _ 2*^^^ 

with (A29) fi^ = 1 + a{^ y/p / y/p) . Note that the second relation in ()2.13|) is the Bohmian 
equation of motion and written in terms of g^y it becomes V^SV^S = rr?(? . 

In the preceeding one has tacitly assumed that there is an ensemble of quantum particles 
so what about a single particle? One translates now the quantum potential into purely 
geometrical terms without reference to matter parameters so that the original form of the 
quantum potential can only be deduced after using the field equations. Thus the theory will 
work for a single particle or an ensemble (cf. also Remark 3.3). Thus first ignore gravity 
and look at the geometrical properties of the conformal factor given via 

(2.15) g^,^ = e r]^^] e = ^ = exp \ a — j=- I = exp 

where T is the trace of the EM tensor and is substituted for p (true for dust). The Einstein 
tensor for this metric is (A30) (S^i, = 45f^,yn^ea;p(— E) + 2exp(— 2E)(9^5jyexp(2S). Hence as 
an Ansatz one can suppose that in the presence of gravitational effects the field equation 
would have a form 

(2.16) 7^^^ - -7^5^^ = AcV + 45/.^e^°e"^ + ^e-^^V^V^^ 

This is written in a manner such that in the limit T^,y -^ one will obtain (|2.15() . Taking the 
trace of the last equation one gets (A31) —TZ = kT— 12nS+24(VS)2 which has the iterative 
solution (A32) kT = -TZ + l2aU[{U^/n) / VH] leading to (A33) S = a[(ny]T|/\/[^)] - 
a[{n./\J^)/^J[R\)] to first order in a. 




One goes now to the field equations for a toy model. First from the above one sees that 
T can be replaced by IZ in the expression for the quantum potential or for the conformal 
factor of the metric. This is important since the explicit reference to ensemble density is 
removed and the theory works for a single particle or an ensemble. So from (|2.16() for a toy 
quantum gravity theory one assumes the following field equations 

(2.17) 6^, - kV - ^^.uo^pexp (1$) V^V^exp (-|c|>) = 

where (A34) 3/,z.a/3 = 2[g^ygai3 - g^iaQvp] and $ = (□a/J^/a/I^). The number 2 and the 
minus sign of the second term in ( A34) are chosen so that the energy equation derived later 
will be correct. Note that the trace of (|TT7|) is (A35) 11+ Kfl+Qexp{a(^ /2)Oexp{-a(^ /2) = 
and this represents the connection of the Ricci scalar curvature of space time and the trace 
of the matter EM tensor. If a perturbative solution is admitted one can expand in powers 
of a to find (A36) 7^(°) = -kT and 7^(^) = -kT - 6exp(a$°/2)nercp(-a$°/2) where 
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<I)(0) = nY^|T|/y^|T|. The energy relation can be obtained by taking the four divergence of 
the field equations and since the divergence of the Einstein tensor is zero one obtains 

2 2 

(2.18) kV^V = a7^^.V'^$ - ^V^(V$)2 + y V^$n$ 

For a dust with ( A37) T^,y = pu^u^, and u^ the velocity field, the conservation of mass law 
is (A38) VipTlu^) = so one gets to first order in a (A39) V^9Jl/9Jl = -{a/2)y ^^ or 
(A40) 971^ = m?exp{—a^) where m is an integration constant. This is the correct relation 
of mass and quantum potential. 

There is then some discussion about making the conformal factor dynamical via a general 
scalar tensor action (cf. also jl()2j ) and subsequently one makes both the conformal factor 
and the quantum potential into dynamical fields and creates a scalar tensor theory with 
two scalar fields. Thus start with a general action 



(2.19) 21= I (fx^/^ 



^R_,Zi^_MZ!«+2A* + i; 



The cosmological constant generally has an interaction term with the scalar field and here 
one uses an ad hoc matter Lagrangian 

(2.20) £^ = ^(t)''V.SV^'S - mp(\}' - A(l + Qf + ap(/^ - 1) 

ra 

(only the first two terms 1 + Q from exp{Q) are used for simplicity in the third term). Here 
a, b, c are constants to be fixed later and the last term is chosen (heuristically) in such a 
manner as to have an interaction between the quantum potential field and the ensemble 
density (via the equations of motion); further the interaction is chosen so that it vanishes 
in the classical limit but this is ad hoc. Variation of the above action yields 

(1) The scalar fields equation of motion 

(2.21) n + ^a(f>-^V^'(j)V (j) + 2A+ 

+^V''QVf,Q + -pcly'^-^Vf'SVf.S - mhpcp^-^ = 
0^ m 

(2) The quantum potential equations of motion (A41) {uQ/(j))-{'sJ ^QVi-'(j)/(j?)-Kc{l+ 
Qf-^ + aipexp{£Q) = 

(3) The generalized Einstein equations 

(2.22) (Sf"^ - Agf"^ = -^T^'^ - -[V^'V - g'"'a](P + i^v'^^V^- 

(4) The continuity equation (A42) V^.(p(/>"V^5) = 

(5) The quantum Hamilton Jacobi equation (A43) V'^SVf^S = m^ (f)^~°- — am(p~°- {e^*^ — 
1) 
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In ()2.21|) the scalar curvature and the term V^S'V^/S can be ehminated using H2.22() and 
(A43); further on using the matter Lagrangian and the definition of the EM tensor one 
has 

(2.23) (2a; - 3)n0 = (a + l)pa(e^'^ - 1) - 2A(1 + QY + 2A0 - -V^QV^Q 

(where 6 = a + 1). Solving (A41) and ()2.23() with a perturbation expansion in a one finds 

(2.24) Q = Qo + aQi + ■ ■ ■ ; = 1 + aQi + • • • ; ^ = ^ + a^ +■■■ 

where the conformal factor is chosen to be unity at zeroth order so that as a — > (A43) 
goes to the classical HJ equation. Further since by (A43) the quantum mass is m?(j) + • • • 
the first order term in cp is chosen to be Qi (cf. ()2.6|) 1. Also we will see that Qi ~ U^j ^ 
plus corrections which is in accord with Q as a quantum potential field. In any case after 
some computation one obtains (A44) o = 2ujk^ 6 = a + 1, and i = (l/4)(2u;A: + 1) = 
(l/4)(a + 1) = 6/4 with Qo = [l/c(2c - 3)]{[-(2u;/c + l)/2A]fc^ - {2c^ - c + 1)} while 
po can be determined (cf. |lU8j for details). Thus heuristically the quantum potential can 
be regarded as a dynamical field and perturbatively one gets the correct dependence of 
quantum potential upon density, modulo some corrective terms. 

One goes next to a number of examples and we only consider here the conformally flat 
solution (cf. also |lU4j ). Thus take (A45) g^^ = exp(2S)r/^,y where S << 1. One obtains 
from (ITTBl) (A46) Tl^^ = ^i^v^'^ + 2a/,a^S ^ (S^^, = 2d^dyY. - 2r/^^nS. One can solve 
iteratively to get 

(2.25) 7^W = -kT ^ SW = --U-H; 

6 



|T| 6 2 ^\ 

Consequently 

(2.26) E = -^D-^T+^^ + ... 

6 2^ 

The first term is pure gravity, the second pure quantum, and the remaining terms involve 
gravity-quantum interactions. A number of impressive examples are given (cf. also |lU4p . 

One goes now to a generalized equivalence principle. The gravitational effects determine 
the causal structure of spacetime as long as quantum effects give its conformal structure. 
This does not mean that quantum effects have nothing to do with the causal structure; 
they can act on the causal structure through back reaction terms appearing in the metric 
field equations. The conformal factor of the metric is a function of the quantum potential 
and the mass of a relativistic particle is a field produced by quantum corrections to the 
classical mass. One has shown that the presence of the quantum potential is equivalent to 
a conformal mapping of the metric. Thus in different conformally related frames one feels 
different quantum masses and different curvatures. In particular there are two frames with 
one containing the quantum mass field and the classical metric while the other contains the 
classical mass and the quantum metric. In general frames both the spacetime metric and 



matter 
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the mass field have quantum properties so one can state that different conformal frames are 
identical pictures of the gravitational and quantum phenomena. We feel different quantum 
forces in different conformal frames. The question then arises of whether the geometrization 
of quantum effects implies conformal invariance just as gravitational effects imply general 
coordinate invariance. One sees here that Weyl geometry provides additional degrees of 
freedom which can be identified with quantum effects and seems to create a unified geometric 
framework for understanding both gravitational and quantum forces. Some features here 
are: (i) Quantum effects appear independent of any preferred length scale, (ii) The quantum 
mass of a particle is a field, (iii) The gravitational constant is also a field depending on 
the matter distribution via the quantum potential (cf. |1U21I1U1^ ^. (iv) A local variation of 
matter field distribution changes the quantum potential acting on the geometry and alters 
it globally; the nonlocal character is forced by the quantum potential (cf. jlU3j ^. 

2.1. DIRAC-WEYL ACTION. Next (still following [EHl) one goes to Weyl geometry 
based on the Weyl-Dirac action 

(2.27) 21 = / d'^x./^iF^uF^"' -I3^^n+{a + 6)/3;^/3''^ + £ 

Here F^^ is the curl of the Weyl 4- vector (j)^, a is an arbitrary constant and /3 is a scalar 
field of weight —1. The ";" represent covariant derivatives under general coordinate and 
conformal transformations (Weyl covariant derivative) defined as (A47) X^ = V^X — 
M(j)^X where M is the Weyl weight of X. The equations of motion are then 

(2.28) ©^'^ = -^(T'^^ + M^''') + hg^"'^V»^V^p - Wyf^Wy^^^^ 

P P 

+-l(4V^/3V'^/3 - ^^^^V^/JV^/?) + ^{P'^f3-''' - ^5'^^/3^"/3;„); 

"^V^F^" = -a{(i^r + /3V^/3) + A^J^- U = -{a + 6)-^ + a</>„r - a^V>„ + ^ 
where (A48) M^"' = {1/At:)[{1/ A) g^"' F'^'^F^p - F^F""^] and 

/fj r\Q\ o rr-Mi' (^Y ~ 9 ^matter _ -. „ ^^ OX^matter _ , "'^matter 



-g Sqi^v S4>tM (5/3 

For the equations of motion of matter and the trace of the EM tensor one uses invariance 
of the action under coordinate and gauge transformations, leading to 

(2.30) ^Vu'^>'^ - 1^ = J„</."^ - U" + ^j^^ ^V„ J"; WttT - 167r^ V^ J^ - /3^ = 

The first relation is a geometrical identity (Bianchi identity) and the second shows the 
mutual dependence of the field equations. Note that in the Weyl-Dirac theory the Weyl 
vector does not couple to spinors so (j)^ cannot be interpreted as the EM potential; the 
Weyl vector is used as part of the spacetime geometry and the auxiliary field (gauge field) 
/3 represents the quantum mass field. The gravity fields g^^ and (/>^ and the quantum mass 
field determine the spacetime geometry. Now one constructs a Bohmian quantum gravity 
which is conformally invariant in the framework of Weyl geometry. If the model has mass 
this must be a field (since mass has non-zero Weyl weight). The Weyl-Dirac action is a 
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general Weyl invariant action as above and for simplicity now assume the matter Lagrangian 
does not depend on the Weyl vector so that J^ = 0. The equations of motion are then 

(2.31) e^"" = -^{1^'' + M"'') + |(5^^^V"^V„/3 - ^V^'^V^'p)+ 

The symmetry conditions are (A49) ^V^l'"' - 1(^/3//?) = and IGttT - /J-^ = (recall 
1 = T{i;^). One notes that from (IOT|) results (A50) ^V^(/32(/,m+/3V'^/3) = o (since Ff" = 
- cf. (BlOb)) so <j)^ is not independent of (3. To see how this is related to the Bohmian 
quantum theory one introduces a quantum mass field and shows it is proportional to the 
Dirac field. Thus using (|2.31() and (A49) one has 

1 47rT a 

(2.32) n/3 + -/37^ = — - + aP^o^r + 2(a - 6)0^V-,/3 + ^V'PV^P 

This can be solved iteratively via (A51) p"^ = {SttI/TZ) - {l/[(7^/6) - o-^a^"]}/?^/? + • • • • 
Now assuming T'^'^ = pu^^u^ (dust with T = /)) we multiply (A49) by u^ and sum to 
get (A52a) "^Vuipu") - p{Uf,Vp/P) = 0. Then put (A49) into (A52a) which yields 
(A52b) u^^V^ut" = (l//3)(c/^'' - u''u'')V^p. To see this write (assuming g^"'V^|3 = V/?) 

(2.33) ^V^ipu^'u'') = u^'^V^pu^' + pu'^^V^u^ => 

^ „. (!vp) + „.v.v„„. - ^ = ^ u-'-v^." = (1 - .-u^)^ = 

which is (A52b). Then from (A51) 

Comparing with (|2.7j) and (|2.2|1 shows that we have the correct equations for the Bohmian 
theory provided one identifies 

(2-35) /? ~ 97t; -^ m^; ^ — — - ~ a 

^ ^ '^ ' 7^ ' CJ(/)a(/>° - (71/6) 

Thus (3 is the Bohmian quantum mass field and the coupling constant a (which depends on 
h) is also a field, related to geometrical properties of spacetime. One notes that the quantum 
effects and the length scale of the spacetime are related. To see this suppose one is in a 
gauge in which the Dirac field is constant; apply a gauge transformation to change this to 
a general spacetime dependent function, i.e. (A53) /3 = /So — > (3{x) = (3oexp{—E{x)) via 
(pfi ^ 4'fi + d^E. Thus the gauge in which the quantum mass is constant (and the quantum 
force is zero) and the gauge in which the quantum mass is spacetime dependent are related 
to one another via a scale change. In particular (/>^ in the two gauges differ by — V^(/?//3o) 
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and since (j)^ is a part of Weyl geometry and the Dirac field represents the quantum mass 
one concludes that the quantum effects are geometrized (cf. also (|2.3H) which shows that 
(j)^ is not independent of (3 so the Weyl vector is determined by the quantum mass and thus 
the geometrical aspect of the manifold is related to quantum effects) . 

3. BACKGROUND 
We give now some background for the last section based on P 13 El El OH ^. '2r, "2^ 

113 EZl 113 SHI EZl 113 IMl Ei III 113 EOl IH3 El IHZl ES EOl ED 1^ 

[Ml uni una [Ml nns nns ins III3 ma inni ■ 

3.1. WEYL GEOMETRY AND ELECTROMAGNETISM. First we give some back- 
ground on Weyl geometry and Brans-Dicke theory following |2]; for differential geome- 
try we use the tensor notation of |2| and refer to e.g. [IS EHl EHl IZZl IZHl IIIll HIZl 
for other notation (see also |116j for an interesting variation). One thinks of a differ- 
ential manifold M = {Ui,(f)i] with (f) : Ui ^ R^ and metric g ~ gijdx'^dx^ satisfying 
g{dk,di) = gki =< dk,de >= gek- This is for the bare essentials; one can also imagine 
tangent vectors Xi ~ di and dual cotangent vectors 6^ ~ dx^, etc. Given a coordinate 
change x* = x^{x^) a vector ^'^ transforming via (Bl) ^* = '^diX^^^ is called contravariant 
(e.g. dP = '^djx'^dx^). On the other hand d(t)/dx'^ = Y^{d(l)/dx^){dx^ /dx^ leads to the 
idea of covariant vectors Aj ~ d(j)/dx^ transforming via (B2) Ai = '^[dx^ /dx^)Aj (i.e. 
d/dx^ ~ {dx^ /dx^)d/dx^). Now define connection coefficients or Christoffel symbols via 
(strictly one writes T^a = gapT'^^ and Ta^ = gapT^"' which are generally different; we use 
that notation here but it is not used in subsequent sections since it is unnecessary) 

(3.1) ^''^i = - { /z } = -^ Y.^^^9M + dugu - d,g,u)9'' = V 

(note this differs by a minus sign from some other authors). Note also that (|3.1j) follows 
from equations 

(3.2) digik + grk^\e + gir^'^ik = 

and cyclic permutation; the basic definition of T*^ • is found in the transplantation law 
(B3) di' = T'^jdx"'^^. Next for tensors T°^ define derivatives (B4) r|^|^ = 5fcT|^ and 

In particular covariant derivatives for contravariant and covariant vectors respectively are 
defined via (B5) ^^|^ = dkC - F\i£.^ = "^kC and r/^n^ = dir]m + ^'^mflr = ^ mm- Now to 
describe Weyl geometry one notes first that for Riemannian geometry (B3) holds along 
with (B6) i^ = ll^lp = 5o/3C"C^ and a scalar product formula ^"r/a = 5o/3C"^'^. Now 
however one does not demand conservation of lengths and scalar products under affine 
transplantation (B3). Thus assume (B7) di = {(pf^dx^)i where the covariant vector (/>^ 
plays a role analogous to T'^ . Combining (B7) with (B3) and (B6) one obtains 

(3.4) de^ = 2f{(t)pdx^) = d{g^pei^) = 

= 9ap\^C^^dx^ + g^pV^^^e^f^dx^' + gapT^p^Cedx^ 



r 
ik 
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Rearranging etc. and using (B6) again gives (B8) {gap\^-2gap(l)'y) + 9at3'^% + 9aa'^''p^ = 
leading to 

(3-5) V^fs^ = -\ " \ + g'"^[gai3(t>j + ga^(t>f3 - g(3-yM 

Thus we can prescribe the metric gaj^ and the covariant vector field (/>^ and determine by 
p.Sp the field of connection coefficients T'o which admits the affine transplantation law 
(B3). If one takes (f)^ = the Weyl geometry reduces to Riemannian geometry. This 
leads one to consider new metric tensors via (B9) gap = f{x)gaf3 and it turns out that 
{l/2)dlog[f)/dx^ plays the role of (j)\ in (B7). Here (B9) is called a gauge transformation 

r a 1 

and the ordinary connections s o ( constructed from gai3 are equal to the more general 

connections T°p constructed according to (|3.5j) from gap and (f)x = {1 /2)dlog{f) / dx^ . The 
generalized differential geometry is conformal in that the ratio 



does not change under the gauge transformation (B9). Again if one has a Weyl geometry 
characterized by gap and (j)a with connections determined by (|I15J) one may replace the 
geometric quantities by use of a scalar field / with (BlOa) gap = f{x^)gap, (t>a = <Pa + 
{l/2){log{f)\a and I"^ = T'^ without changing the intrinsic geometric properties of vector 
fields; the only change is that of local lengths of a vector via r' = f{x)i'^. Note that one can 
reduce (pa to the zero vector field if and only if (pa is a gradient field, namely Fap = (pa\p — 
4>p\a = (i-6- fpa = {X/2)dalog[f) = dp(pa = da(pp)- In this case one has length preservation 
after transplantation around an arbitrary closed curve and the vanishing of Fap guarantees 
a choice of metric in which the Weyl geometry becomes Riemannian; thus Fap is an intrinsic 
geometric quantity for Weyl geometry (note Fap = —F^a and (BlOb) {Fap\^} = where 
{Ptiv\x\ = F'iiy\\ + F\ii\v + Fv\\^i)- Similarly the concept of covariant differentiation depends 
only on the idea of vector transplantation. Indeed one can define (Bll) ^fj'o = .^i^ — T"-g H . 
In Riemann geometry the curvature tensor is (B12) i'ua, — CfLifl = R"p^^^, Hence here we 
can write (B13) i?"^^^ = -F"^^,^ + P- ^|^ + T'^.s^^^^ " ^%^W ^smg ^M one then can 
express this in terms of gap and (pa but this is complicated. Equations for Rps = R%a5 
and R = g^ Rps are however given in [2j. One notes that in Weyl geometry if a vector 
(^" is given, independent of the metric, then ^a = gap^^ will depend on the metric and 
under a gauge transformation one has ^^ = f{x'^)£^a- Hence the covariant form of a gauge 
invariant contravariant vector becomes gauge dependent and one says that a tensor is of 
weight n if, under a gauge transformation (B14), Ta''', = f {x^)'^T^''' . Note (pa plays 
a singular role in (BlOa) and has no weight. Similarly (B15) \/—g = f'^^J—g (weight 
2) and F"'^ = g'^^g^^'F^^ has weight -2 while (B16) S^"^ = F'^^^f^ has weight and 
is gauge invariant. Similarly FapF'^^^J—g is gauge invariant. Now for Weyl's theory of 
electromagnetism one wants to interpret (pa as an EM potential and one has automatically 
the Maxwell equations (B17) {Fap\^} = along with a gauge invariant complementary 
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set (B18) 3^|t = s° (source equations). These equations are gauge invariant as a natural 
consequence of the geometric interpretation of the EM field. For the interaction between 
the EM and gravitational fields one sets up some field equations as indicated in J2 and the 
interaction between the metric quantities and the EM fields is exhibited there. 

REMARK 3.1. As indicated earlier in [^ R^-j^ is defined with a minus sign compared 
with e.g. [771 I117J . There is also a difference in definition of the Ricci tensor which is 
taken to be G^^ = Rf^^ - {l/2)gP^R in 2 with R = R^ so that (B19) G^^ = g^^pg^sGl^^ = 
Rf,^ - {l/2)g^^R with G7, = R^'il - 2R ^ G"^ = -R (recah n = 4). In |771 the Ricci tensor is 
simply (B20) Rp^ = Rg^j^^ where R^ni, is the Riemann curvature tensor and R = R^ again. 
This is similar to J117j where the Ricci tensor is defined as pj^ = Rl^^- To clarify all this 

we note that (B21) i?^^ = -R'^„^ = g°'^R/3ria'y = —9°^^ R^rj-^a = ~R%ya which confirms the 
minus sign difference. ■ 



3.2. CONFORMAL GRAVITY THEORY. We extract here first from [HI with some 
embellishments (cf . also j^Sl EZ] ) • The development in [HHl IBS IHEl IHE] is quite exhaustive 
and we try to capture the spirit here (although probably providing too many details for 
a proper survey). However we want to make the treatment extensive enough to stimulate 
comparison with the deBroglie-Bohm-Weyl (dBBW) theory and to exhibit the relations 
between Riemannian and Weyl geometry. Although the Jordan frame (JF) and the Ein- 
stein frame (EF) formulations of a scalar tensor theory provide mathematically equivalent 
descriptions of the same physics the physical equivalence is still under discussion (cf. [Uj 
for a discussion of this). There is apparently not even agreement about which should be 
the physical frame and this is especially true if one allows quantum effects to influence 
the metric (cf. Section 2). The JF Lagrangian for Brans-Dicke (BD) type theories is 
(B22) Lbd = (a/— 5/167r)(0i? — (a;/<?!))(V(/))^) where R is the Ricci scalar of the JF metric 
g, (p is the BD scalar field and uo is the BD coupling constant (a free parameter). Un- 
der the rescaling (B23) gab = i'dab ^^nd the scalar field redefinition (j) = log{(j)) the JF 
Lagrangian for BD type theory is mapped into the EF Lagrangian for BD type theory, 
namely (B24) Le = {y/—g/lQiT){R — (a; -|- (3/2))(V(/))^) where R is the curvature scalar 
in terms of the EF metric g. Inserting matter involves minimal coupling to the metric in 
JF theory via (B25) Ljp = (V^/167r)(0i? - {uj / <i)){\/ <i)f) + Lmatter and this is the JF 
formulation of BD theory. For the EF one couples matter minimally to the metric via 
(B26) Le = {^/^/16^^){R -{00 + (3/2))(V0)2) + Lmatter- Here the scalar field ^ is mini- 
mally coupled to curvature so the dimensional gravitational constant G is a real constant. 
Due to the minimal coupling between ordinary matter and the spacetime metric the rest 
mass of any test particle m is also constant over the manifold. This leads to a real di- 
mensionless gravitational coupling constant Gm^ (for h = c = 1) unlike BD theory where 
Gm? ~ (j}~^. The equations derivable from (B26) are {Gab = Rab — {^/2)gabR) 

3\ ,^ ,^ ,. 1. .^,,2. 



(3.7) Gab = STTTab + ( ^ + 2 ) (^a^Vfe^) - -5afe(V<A)'; □</< = 0; V^T"'^ = 

Here Tab = {2/ ^/^)[^{^/^Lmatter)/^g"■'']. The theory given by (|3.7|) is just the Einstein 
theory of general relativity with an additional matter source of gravity. For </> = c or w = 



matter 
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—3/2 one recovers the standard theory and this is hnked with Riemannian geometry because 
the test particles follow the geodesies of g via (B27) (fx'^/dp) = —T^j^{dx"^/ds){dx"-/ds) 
where F^^ = (1/2)5"" (5t„|c + 5cn|6~5bc|n)- Recall that Riemannian geometry is based on the 
parallel transport law (B28) d^"- = — 7^„^™'dx" with dg{^, S,) = 0; this formulation leads 
to 7^^ = r^^ (cf. Section 3.1). Under the conformal transformation (B23) the Lagrangian 
(B25) is mapped into the EF Lagrangian for BD theory, namely 

(3.8) Lbd = 1^ (^ - (^ + (^'^)') + ^''"^^ 
while (B26) is mapped into the JF Lagrangian 

(3.9) LjF = T^(0^ + 'A"^(V0)2) + (l)^Lraatter 

At the same time under (B22) the parallel transport law (B28) is mapped into (B29) dS,"" = 
-l^nC^dx'' where 7^^ = F^^ + {l/2)(t)-^{Vb(t)5l + Vc0(5^ - V(t)gbc) are the affine connec- 
tions of a Weyl type manifold. Weyl type geometry is given by the law (B24) along with 
(B30) dg{^,^) = cl)~^dx'^\7n4'g{C,0 which is equivalent to (B28) with respect to the con- 
formal transformation (B22). This means that the JF formulation of GR should be linked 
with a Weyl type geometry with units of measure varying length over the manifold accord- 
ing to (B30). In the JF GR the gravitational constant G varies like (/)~^ while the rest 
masses of material particles m vary like (p^'"^ (i.e. Gm'^ = c is preserved). One has now 
two equivalent geometrical representations of the same physical theory (according to one 
point of view) and we see no reason to argue with this (see the discussion below). The field 
equations of the JF theory are now 

(3.10) Gab = ^Tab + ^ (VaCi)Vt,ci) - ^5afe5"'"V„0V™0 j + ^(V^Vfo./. - ^afeD^) 

along with Ocj) = where T^b = {2/ y/ —g)d{y/ —gcj)"^ Lmatter) /dg""^ is the stress energy tensor 
for ordinary matter in the JF. The energy is not conserved since 4> exchanges energy with 
the metric and matter fields and the corresponding dynamic equation is (B31) VnT"''^ = 
(l/2)(/>~^V"(/>r. The equations of motion of an uncharged spinless mass point acted upon 
by the JF metric field g and by (p is 

^'^■^^^ ds^ ~ ^^^ ds ds 2^ ^""^yds ds ^ 

and this does not coincide with the geodesic equation of the JF metric. One can also provide 
a new connection leading to a more canonical form of the scalar field EM tensor in the JF 
(cf. inZj) and this is done in another way in |S1] by rewriting 1)3. 1U() in the form 

(3.12) ^Gab = jTab + (^+j3/2)) ^^^^^^^ _ (i/2)5^,5"-v„0V™0) 

Again there may be energy questions but quantum input seems to render these moot (cf. 
Section 2). Here one is writing (|3.1U|) in terms of affine magnitudes in the Weyl type 
manifold so that the JF Weyl manifold connections 7^^ do not coincide with the Christoffel 
symbols of the JF metric F^^; then '^Gab is given in terms of the 7^^ instead of the F^^. 
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We go next to |H31 ES] and consider string connections as well (cf. also [HHI)- Thus 
(from |HH1) first treat (B32) gab = ^'^{x)gab as a transformation of units and as a conformal 
transformation of theory (to be further clarified via [85|). Note e.g. that rh = il~^{x)m is 
not constant and consider the actions (B33) Sbd = S = j d'^x^J—g{<j)R — {uj / (j))iy (j))^ + 
IGttLm) where Lm ~ Lmatter where R is the curvature scalar, cj) is the BD scalar field (the 
dilaton), uj is the BD coupling constant, and Lm is the Lagrangian of the matter fields that 
are minimally coupled to the metric. Under the change of variable (p -^ exp{'4>) BD theory 
can be written in the string frame (B34) Ss = Si = jd'^Xy/^e^{R—u{yijj)'^+lQ'ne~'^LM)- 
Dicke used the conformal transformation (B32) with (B35) $7^ = exp{il)) to rewrite the 
action Si (or Sbd) in the EF, i.e. in a frame where the dilaton is minimally coupled to 
the curvature, namely (B36) Se = S2 = J d'^Xyf^{R - (w + (3/2))(VV')^ + IQire-'^'l' Lm)- 
where R is the curvature scalar in terms of gab and the matter fields are now non-minimally 
coupled to the dilaton -0. Another effective theory of gravity of BD type was proposed in 
j68j where there was minimal coupling of the matter fields in the EF, namely (B37) 5*3 = 
Jd'^x^/^{R - a(V0)2 + WttLm) where a = u; + (3/2). Evidently (B37) is just the 
canonical action of GR with an extra scalar (dilaton) and when a = or -0 = c one recovers 
GR in the Einstein formulation. Now under the conformal transformation (B32) - (B35) 
the action (B37) can be written in a string frame, namely (B38) 5*4 = J d'^X\/—ge~^{R — 
{a - (3/2))(VV')^ + IGve-'I'LM) (different from Si in (B34)). The theory derivable from 
(B38) is then called conformal GR or string-frame GR and in ^2| one selects from the 
Si those which provide a physically meaningful formulation of the laws of gravity (i.e. a 
theory of gravity which is invariant under transformations of the units of measure). This 
is also elaborated below following j85j . Now according to GR (as in (B37) with a = or 
ip = c) the structure of physical spacetime corresponds to that of a Riemannian manifold 
and in general in theories with minimal coupling of the matter to the metric are naturally 
linked with Riemannian manifolds. In fact in theories with matter of the form (B39) Sm = 
167r J d'^XyJ—gLM the timelike matter particles follow free motion paths (geodesies) which 
are solutions of 

d^x- ( a \dx^dx^ _ 

where the Christoffel symbols are {l/2)g'^^)gi,n\c + gcn\b ~ 9bc\n based on the metric gab (cf. 
(|3.1|) and (|3.2() ). This situation involves the invariance of vector lengths under parallel 
transport, meaning that the units of measure of the geometry are point independent. This 
situation holds then for both string frame BD theory derivable from Si and EF GR derivable 
from 5*3 where the underlying manifold is Riemannian in nature. Under conformal rescaling 
(B32) Si and 53 are mapped into their conformal versions S2 and £'4 respectively and at 
the same time manifolds of Riemannian structure are mapped into conformally Riemannian 
manifolds. Therefore in theories derivable from 5*2 and S4, we have conformally Riemannian 
manifolds or WIST spaces. In particular given (B40) Sm = IGtt / d'^x^/ —ge~'^'^ Lm the 
equations of motion for test particles will be 

d^x" f a I dx'^dx" j'ln f dx"" dx" ^na\ _ ^ 
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and these are conformal to H3.13|) . In this WIST geometry units of measure may change 
locally. 

REMARK 3.2. This section is aimed at providing linkage points for connection to BW 
theory with standard conformal gravity and trajectory equations such as (|l-{.12j) . (|:-{.1H|) . and 
(|H.14j) should be useful in this direction (see also lIQB ;) for related examples). ■ 

Now one looks at the group of transformations of units for length, time, and mass. In- 
stead of (B32) one considers the more general (B32) with (B41) r2^(x) = exp[aip{x)] 
where o" is a constant. This can again be interpreted as a one parameter point dependent 
transformation of lengths and it is interesting here to write (B42) tl^ = (1 — a)tp under 
which the basic requirements of a WIST geometry are preserved and (|3.14|) is invariant un- 
der such transformations. However this is not true for the underlying Riemannian geometry 
(e.g. (|3.13j) is not preserved). It can be checked that the purely gravitational part of the 
actions Si and S4 are invariant under (B41), (B42), and (B43) a = [a/(l — cr)^] when 
a ^ 1. The purely gravitational part of the actions 5*2 and ^3 is however not invariant nor 
is (B39). On the other hand the matter action (B40) is invariant and can be written as 
(B44) Sm = 167r J d'^Xy/—gexp[2{a — l)ip] when a ^ 1. Therefore if one checks the actions 
Sj (i = 1, • • • ,4) relative to invariance under (B41), (B42), and (B43) the only survivor 
is 5*4, namely the conformal formulation of GR (or string- frame GR). One notes also that 
the set of transformations indicated is an Abelian group and composition with parameters 
(Ti and a"2 involves a^ = ai + a2 — cji(T2 (cf. |3B]). For reasons then spelled out more fully 
in j83j this group is referred to as the group of point dependent transformations of the 
units of length, time, and mass; the situation cj = 1 is not a member of this group; it is 
just a transformation allowing a jump from one formulation of the theory to the conformal 
version. The action 84^ is then claimed to be the only physically meaningful formulation of 
the laws of gravity in this context. This has several implications (to be discussed below); 
in particular string theory may find an entry into quantum gravity via this approach since 
quantum interaction will arise via the deBroglie-Bohm quantum potential. 

We go next to |HS] where the arguments above are developed further in an attempt to 
clarify remarks in |841 I86j and establish physical equivalence among conformally related 
metrics. A main point is to refute the following argument. In canonical GR the matter 
couples minimally to the metric that determines metrical relations on a Riemannian space- 
time, say g (note the switch g ^^ g here). In this case matter particles follow the geodesies 
of the metric g in Riemannian geometry and their masses are constant over the spacetime 
manifold (i.e. it is the metric which matter feels so it is the physical metric). Under the 
conformal rescaling (B32) the matter fields become non-minimally coupled to the confor- 
mal metric g and matter particles do not follow the geodesies of this last metric. Further it 
is not the metric that determines metrical relations on the manifold. Thus although canon- 
ical GR and its conformal image may be physically equivalent theories, nevertheless the 
physical metric is that which determines metrical relations on a Riemannian spacetime and 
the conformal metric is not the physical metric. It is shown that this conclusion is wrong. 
Indeed under the conformal rescaling not only the Lagrangian is mapped into its conformal 
image but the spacetime geometry itself is mapped into a conformal geometry. In this last 
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geometry metrical relations involve both the conformal metric g and the factor $7^ generat- 
ing the transformation (B32). Hence in the conformal Lagrangian the matter fields should 
feel both the metric g and the scalar function Q; i.e. the matter particles do not follow 
the geodesies of the conformal metric alone. The result is that under (B32) the physical 
metric of the untransformed geometry is effectively mapped into the physical metric of the 
conformal geometry. Another point involves the one parameter group of transformations 
of units and one shows that the only consistent formulation of the laws of gravity (among 
those investigated in the paper) is the conformal representation of general relativity. 

Thus, with some repetition, one looks at the effect of a conformal transformation (B32) 
on the laws of gravity and on the geometry. The Lagrangian for canonical GR (with 
a scalar field) is (B44) Lgr = \/—g{R — aiVcf))'^) + IGvrV— 5-^m where R is the Ricci 
scalar, (V(^)^ = g^^^4'\m4'\m and a > (again note the switch g <-^ g). When (j) = c 
or a = this is the Einstein theory. Under (B32) with Q"^ = exp{(p) this becomes 
(B45) Lgr = yf^{R - {a - (3/2))(V0)2) + 167r^/^ea;p[20]LM. This can be given 
the usual BD form after a change of variable cj) ^ cj) = exp{(j)), namely (B46) Lgr = 
y/—g{4)R — (a — (3/2))[(V(/>)^/0] + IQt^ yJ—gctP'LM- The effective gravitational constant G 
(set equal to 1 in (B44)) is real and since the matter particles follow the geodesies of ^ the 
inertial mass m is constant. Thus the dimensionless coupling constant Grh? {c = h = 1) 
is constant while in conformal GR Gm? is also constant with G ~ exp{—(j)) ~ 0~^ and 
(B47) m = exp[(l/2)(p]rh. On the other hand in BD theory Gm'^ ~ (p^^- As before one can 
now consider two kinds of Lagrangians for pure gravity (B48) Li = ^J—g{R — a{SJ(l)f') and 
(B49) L2 = yJ—g{4>R — (a — (3/2))[(V(/>)^/0]) with respect to their transformation prop- 
erties under rescalings of the units. In particular one considers (B50) g = (jj^gab- Under 
(B50) Li goes to (B51) Li = ^f^lcf)" R + {{'ia - (3/2)o-2)(/)-2-<^ - a<^'^)(V(/')2] so the laws 
of gravity described by Li change under (B50). In particular in the conformal (tilde) frame 
the effective gravitational constant depends on (j) due to the nonminimal coupling between 
the scalar field (j) and the curvature. On the other hand L2 is mapped into 

(a - (3/2) - 3o- + (3/2)0-2) 



(3.15) 



L, 



a-o- 



R 



AO--1 



[I 



l-o-\2 



Hence introducing a new scalar field (B52) (p = 
(B53) d = [a + 3cr(cr - 2)]/(l - af one can write 



a-(T 



and defining a new parameter 



(3.16) 



L, 



(pR 



a 



3^^ (V(^)2 



Thus the Lagrangian L2 is invariant in form under the conformal transformation (B50), the 
scalar field redefinition (B52), and the parameter transformation (B53). Such transfor- 
mations are of the form indicated above with composition (T3 = cri + o"2 — o"i(T2 (cf. [IB]) a-nd 
the identity corresponds to o" = with inverse of a being a = —a /{I — a) (cr = 1 is excluded 
as before - it is not a units transformation). Since any consistent of spacetime must be 
invariant under the one parameter group of units transformation (length, time, and mass) 
one concludes that theories for pure gravity described by Li are not consistent while those 
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based on L2 type Lagrangians are consistent. Hence e.g. canonical GR and the EF formu- 
lation of BD theory are not consistent formulations of the laws of gravity. Consider now 
separately matter Lagrangians (B54) ^J—g(^)'^LM and (B55) yJ—gLM- Here (B55) shows 
minimal coupling of matter to the metric while (B54) has nonminimal coupling. Under 
(B50) (B54) goes to (B56) a/— g^^-^M = V—g4>^~'^'^ Lm and hence considering (B52) one 
completes the demonstration that (B54) is invariant in form under our one parameter group 
of units transformations. Unfortunately it is straightforward that (B55) with minimal cou- 
pling is not invariant under this group and hence BD theory (in JF formulation) based on 
(B58) Lbd = L2 + l^TTyJ—gLM is not yet a consistent theory of spacetime. The only sur- 
viving theory is the conformal GR based on (B46), i.e. (B58) Lgr = L2 + 1Qtt(IP'Lm which 
does provide a consistent formulation of the laws of gravity (this is BD plus nonminimal 
coupling). One notes that Riemannian geometry is not invariant under (B50) and (B52) 
so Riemannian geometry is not a consistent formulation for the interpretation of the laws of 
gravity whereas Weyl geometry works. Finally going to J18j one looks at the introduction of 
fields (j) = 1 + Q where Q is the quantum potential in an attempt to introduce the quantum 
force into equations of the form ()3.14|) ; this is a step in the direction of consolidating BW 
theory with more conventional treatments but much more is needed. 

REMARK 3.3 One notes that the use of ij^ip* automatically suggests or involves an en- 
semble if (or its square root) it is to be interpreted as a probability density. Thus the idea 
that a particle has only a probability of being at or near x seems to mean that some paths 
take it there but others don't and this is consistent with Feynman's use of path integrals for 
example. This seems also to say that there is no such thing as a particle, only a collection 
of versions or cloud connected to the particle idea. Bohmian theory on the other hand for 
a fixed energy gives a one parameter family of trajectories associated to tp (see here [2^1 for 
details). This is because the trajectory arises from a third order differential while fixing the 
solution tj) of the second order stationary Schrodinger equation involves only two "bound- 
ary" conditions. As was shown in ,29 this automatically generates a Heisenberg inequality 
AxAp > ch] i.e. the uncertainty is built in when using the wave function ijj and amazingly 
can be expressed by the operator theoretical framework of quantum mechanics. Thus a one 
parameter family of paths can be associated with the use of ipip* and this generates the 
cloud or ensemble automatically associated with the use of ■0. ■ 

REMARK 3.4. In connection with j^ where differential calculi on fractals is men- 
tioned it seems promising to consider q-calculus with q related to scale, fractal dimension, 
and/or power laws. This would involve a discretization but not a grid (cf. 33" for details). ■ 

4. CONFORMAL STRUCTURE 

We extract and summarize here from various sources concerning conformal geometry, 
QM, Bohmian theory, etc. First we go to 1.S8| I95| I115| llRij for further sketches of Weyl 
geometry and will relate this to Sections 2.1 and 3.1 later (cf. also [3 El HH ESI EOl 1121 EHl 

in2iinsiin2iini czni ED E2iin2iinii uni ina nm ) • 

4.1. DIRAC ON WEYL GEOMETRY. Historically of course [SHI takes priority and 
it is worthwhile to reflect on the comments of a master craftsman. Thus there are two 
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papers on a new classical theory of the electron but since this material is not essential to 
our needs here we omit it. In the third paper of [HE] the Dirac-Weyl action is developed 
(cf. also Section 2.1) and we sketch this here in some detail. The main point is to think of 
EM fields as a property of spacetime rather than something occuring in a gravity formed 
spacetime. This seems to be in the spirit of considering a microstructure of the vacuum (or 
an ether) and we find it attractive. The solution proposed by Weyl involved a length change 
(Dl) d£ = iK^6x'^ under parallel transport x^ — > x^ + 6x'^. The n^ are field quantities 
occuring along with the g^i, in a fundamental role. Suppose i gets changed to i' = iX{x) 
and i + di becomes (D2) i' + 5i' = il + 5i)X{x + 6x) = {i + 5i)\{x)+eX,f,6x'' with neglect of 
second order terms (here A,^ = dX/dx'^). Then (D3) 6£' = X5£ + £X^fj_5x^ = X{k^ + (j)^^)5x^ 
where (/» = log{X). Hence (D4) 51!.' = i'n'Sx^ with k' = k^ + 0,^. If the vector is transported 
by parallel displacement around a small closed loop the total change in length is (D5) 6i = 
£F^i,SS'^'^ where F^i, = k^^i, — K^^fM and 58'^'^ is the element of area enclosed by the small 
loop, this change is unaffected by (D4). It will be seen that the field quantities k^ can 
be taken to be EM potentials, subject to the transformations (D4), which correspond to 
no change in the geometry but a change only in the choice of artificial standards of length. 
The derived quantities F^u have a geometrical meaning independent of the length standard 
and correspond to the EM fields. Thus the Weyl geometry provides exactly what is needed 
for describing both gravitational and EM fields in geometric terms. There was at first some 
apparent confiict with atomic standards and the theory was rejected, leaving only the idea 
of gauge transformation for length standard changes. 

Dirac's approach however serves to help resurrect the Weyl theory; since we feel that 
this theory is not perhaps sufficiently appreciated a sketch is given here (cf. however J12j). 
Dirac first goes into a discussion of large numbers, e.g. e^ /GMm (proton and electron 
masses), e^ jrfK? (age of universe), etc. and the Einsteinian theory requires that G be 
constant which seems in contradiction to G ~ i~^ where t represents the epoch time, 
assumed to be increasing. Dirac reconciles this by assuming the large numbers hypothesis 
(all dimensionless large numbers are connected) and stipulating that the Einstein equations 
refer to an interval dsE which is different from the interval dsA measured by atomic clocks. 
Then the objections to Weyl's theory vanish and it is assumed to refer to dsE- In this spirit 
then one deals with transformations of the metric gauge under which any length such as ds 
is multiplied by a factor X{x) depending on its position x, i.e. ds' = Xds and a localized 
quantity Y may get transformed according to Y' = X'^Y, in which case Y is said to be of 
power n and is called a co-tensor. If n = then Y is called an in-tensor and it is invariant 
under gauge transformations. The equation (D6) ds'^ = g^j^ydx^dx^ shows that g^^y is a 
co-tensor of power 2, since the dx^ are not affected by a gauge transformation. Hence 
g^^ is a co-tensor of power —2 and one writes ^ for ^—g. One writes T;^ for the covariant 
derivative (V^T would be better), and one notes that the covariant derivative of a co-tensor 
is not generally a co-tensor. However there is a modifed covariant derivative T^^^ which is 
a co-tensor. Consider first a scalar S of power n; then S-,^ = 5^^ = S*^; under a change of 
gauge it transforms to (D7) S'^ = (A"5),^ = X'^S^ + nX'^'^X^S = X'^iS^ + niK'^- k^)S] (via 
(D4)). Thus (D8) (S*^ — nK^S)' = X'^{Sfj, — nK^S) so S^ — nn^S is a covector of power n and 
is defined to be the co-covariant derivative of S, i.e. (D9) S*^ = S^ — nn^S. To obtain the 
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co-covariant derivative of co- vectors and co-tensors we need a modified Christoffel symbol 
(DIO) *rjjj, = r°^ — g^i^u — 9^1^^ + g^iuK" (tlie notation F'^^, for the correct F'^^ is also 
used in |38| - cf. Section 3.1). This is known to be invariant under gauge transformations. 
Let now A^ be a co-vector of power n and form (Dll) A^,i/ — *T'^j^Aa which is evidently 
a tensor since it differs from the covariant derivative A^^-u by a tensor and under gauge 
transformations one has (cf. (D4) where (j)^^ = '^u ~ '^m) 

(4.1) (A^,, - T^,yl,)' = X^A^,, + nX^~'X,A^ - *r^,AM„ = 

= A [^/i,;y + '^'[Hij^ — HiyjA^ — 1 fj_yAa\ 

Thus (D12) {A^^y-nK^A^-*TlyA^y = A"[A^,^-nK^yl^-*r°^A«] so take (D13) A^,,^ = 
A^^jj — riKuA^ — *r° as the co-covariant derivative of A^- this can be written via (DIO) as 
(D14) A^*v = Afj_-i, — {n — l)KyA^ + n^A^, — Qfj.uK^'Aa- Similarly for a vector i?^ of power 
n one has (D15) B'iy = B^l — (n -|- l)KyB'^ + k^B^, — QyKaB". For a co-tensor with various 
suffixes up and down one can form the co-covariant derivative via the same rules; one notes 
that the co-covariant derivative always has the same power as the original. Next observe 
(D16) {TU)^:a- = T^:f^U + TU:^o- while (D17) gfj,^^^ = and G^^ = so one can raise and 
lower suffixes freely in a co-tensor before carrying out co-covariant differentiation. Thus one 
can raise the fi in (D14) giving (D15) with A^^ replacing S'^ and n — 2 in place of n. The 
potentials k^ do not form a co-vector because of the wrong transformation laws (D4) but 
the Ffj^i, defined by (D4) are unaffected by gauge transformations so they form an in-tensor. 
One obtains the co-covariant divergence of a co- vector i?^ by putting u = /j, in (D15) to 
get (D16) Bl^fj^ = B^^ — {n + 4)n^B'^ (for n = —4 this is the ordinary covariant divergence). 

We list some formulas for second co-covariant derivatives now with a sketch of derivation. 
Thus for a scalar of power n (D17) 5*^*,^ = S^^^■,y — {n—l)K,yS^,^+K^S^,y—g^yK"S^:a. Putting 
S^^j. = Sf,- UK^S on gets 

Now S^;u = Su;^i SO (D18) S^.^^u - S^u*iJ. = -n{n^:u - K'u:^)S = -nF^yS. This is tedious 
but instructive and we continue. Let A^ be a co-vector of power n so 

(4.o) -A fj_^,y^fj ^ A fj^^:i/-u — nKfjA^^iy -\- [g^K,fj-\- g^Kfj_— g^j^fjK )Ap^,y-\-ygyKu-\-g^Ky— g^j^K jA^^p 

A lengthy calculation then yields (D19) Ap^^y^^a — Apt^cr^u = *^fiucTpA'' — {n — l)FucrAp where 

(4.4j J^fiuap ^ Bpy(jp -\- gpu\Kp-,j -\- Kp_Kfj) -\- gp(j\'^p:i' + /^pl^u) ~ 9pcr\^tJ.:u "T l^pl^u)~ 

~9fJ.u[l^p:cr + [I'^pf^cr) + ydpuQpLV ~ Qpudpujf^ l^a 

One can consider * 55 as a generalized Riemann-Christoffel tensor but it does not have 
the usual symmetry properties for such a tensor; however one can write (D20) *^puap = 
*Bf,uap + {l/2){gpyFp_a^ + gp,aFpu - gpaFp,u - gpiuFpa) and then *Bpy„p has all the usual 
symmetries, namely 

Thus is is appropriate to call *Bpyfjp the Riemann-Christoffel (RC) tensor for Weyl space; 
it is a co-tensor of power 2. The contracted RC tensor is (D21) *R^u = *Bpi^^ = R^y — 
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|^i^J,■.v ~ I'iv.^i ~ g^lu^^'^a ~ 2k^Ki/ + 2g^^K^K^ and is an in-tensor. A further contraction gives 
the total curvature (D22) *R = *R'^ = R — 6k!^ + Qk^ which is a co-scalar of power -2. 

One gets field equations from an action principle with an in-invariant action, hence one 
of the form (D23) I = f i^^d'^x where Q, must be a co-scalar of power -4 to compensate ^ 
having power 4. Ths usual contribution to fi from the EM field is {l/4:)F^i,F^'^ (of power 
-4 since it can be written as Ffj_yFp„g^^Pg'^^ with F factors of power zero and g factors of 
power -2). One also needs a gravitational term and the standard —R could be *R but this 
has power -2 and will not do. Weyl proposed {*R)'^ which has the correct power but seems 
too complicated to be satisfactory. Here one takes *i? = as a constraint and puts the 
constraint into the Lagrangian via ^*R with 7 a co-scalar field of power -2 in the form 
of a Lagrange multiplier. This leads to a scalar-tensor theory of gravitation and one can 
insert other terms involving 7. For convenience one takes 7 = — /3^ with /3 as the basic 
field variable (co-scalar of power -1) and adds terms kf3*'^(3^:ij (co-scalar of power -4); terms 
c/3^ can also be added to get (D24) / = /[(1/4)F^^F''^ - (3^*R + k(3*''P^^ + c/3^]^(i^x as 
a vacuum action. Now f3*'^f3^:fj_ = {(3'^ + f3K^){(3fj_ + (3n^) and using (D22) one obtains 

(4.6) -p'^*R + k(3*''P,^ = -P^R + kfS^P^ + ik- 6)p\''K^ + 6{(3'^k'').,^ + {2k - 12)I3k^(3^ 

The term involving {0^k^)-^ can be discarded since its contribution to the action density is 
a perfect differential, namely (D25) {(i'^i^^):fA.J = {P''^ i^^ j) ,^l ^'^^ foi' the simplest vacuum 
equations one chooses A: = 6 so that (D24) becomes (D26) / = /[(1/4)F^,,F'''' - 13"^ R + 
6f3'^Pp + cf5'^]^d'^x. Thus I no longer involves the k^ directly but only via F^y and I is 
invariant under transformations k^ ^ k^ + (p^^ so the equations of motion that follow from 
the action principle will be unaffected by such transformations (i.e. they have no physical 
significance). Now consider three kinds of transformation: 

(1) Any transformation of coordinates. 

(2) Any transformation of the metric gauge combined with the appropriate transforma- 
tion of potentials k^ ^ k^ + </',^. 

(3) In the vacuum one may make a transformation of potentials as above without chang- 
ing the metric gauge or alternatively one may transform the metric gauge without 
changing the potentials. This works only where there is no matter. 

For the field equations one makes small variations in all the field quantities g^y^ k^, and /3, 
calculates the change in I and sets it equal to zero. Thus write (D27) 61 = J[{l/2)P^'^6g^i,+ 
Q^5K,^+S5(5)^d'^x and drop the c/3^^ term since it is probably only of interest for cosmolog- 
ical purposes. One has (D28) 5[{l/A)F^yF^''' ^] = (l/2)£;^^^%^ - Jf^^dn^ with neglect 
of a perfect differential. Here E^"' is the EM stress tensor (D29) Ef"" = {l/4:)gf"'F°'^Fa,f3 - 
pt^o^pi^ and J'^ is the charge current vector (D30) F^ = F'i,'^ = J~'^{F^^ j),u- Considerable 
calculation and neglect of perfect differentials leads finally to 

(4.7) P^''' = E^''' + P^[2R^"' - g'"'R] - ig'^'pppp + 4/3/3'^^'^ + 2g^'^P''p^ - Sp^'p''; 

Q^ = - JA*; s = -2PR - Up^l 

and the field equations for the vacuum are (D31) P^'^ = 0, Q^ = 0, and 5 = 0. These 
are not all independent since (D32) P^ = — 2/3^i? — 12/3/3.'^ = pS so the S equation is a 
consequence of the P equations. If one omits the EM term from the action it becomes the 
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same as the Brans-Dicke action except that the latter allows an arbitrary value for k; with 
/c 7^ 6 the vacuum equations are independent so the BD theory has one more vacuum field 
equation, namely □(/3^) = 0. 

Now the action integral is invariant under transformations of the coordinate sysem and 
transformations of gauge; each of these leads to a conservation law connecting the quantities 
P'^'^ , Q^^ S defined via (D27). For coordinate transformations x^ ^^ x^ + b^ one gets 

(4.8) -5g^u = g^ab"^ + Qvab"^ + 9tJiu,ab"; -5(5 = fjah"; -6k^, = K^b"^ + K^^ah" 

Putting these variations in (D27) yields 



•^x 



(4.9) 51 = - A(l/2)P'^^(<7^,6f, +5,,6f^ + 5M.,<xfc") + Q^l^afef^ + ^^,ab'') + S(3^W]^d 

This 51 vanishes for arbitrary 6°" so one puts the coefficient of b°' equal to zero; using 
(D33) {P^^),f, - (1/2)^/^^5^,,,^ = P,%^ and (D34) (Q'^k,^),^ = k^Q'^^,^ + k^,^,Q>'^ 
this reduces to (D35) Pa-./j.+HaQ^/j.+Fa-^Q'^ — SPa = 0. Next consider a small transformation 
in gauge (D36) 5g^u = "^^g^iu, 5j3 = —X(3, and 5k^ = [log{l + A)]^^ = A^. Putting this in 
(D27) yields 



X 



(4.10) 51 = jiP^^Xg^^u + Q^\ - Sm^d^x = jiPji^ - (QV).M " SP^]Xd' 

Putting the coefficient of A equal to zero gives (D27) Pj^ — Qt^ — S(3 = 0; here (D35) 
and (D37) are the conservation laws. For the vacuum one sees that (D37) is the same as 
(D32) since Qf^ = from (ETJ; also (D35) reduces to (D38) P^-.f. + F^^Q''- (3-^p^Pli = 
which may be considered as a generalization of the Bianchi identities. The conservation laws 
(D35) and (D37) hold more generally than for the vacuum, namely whenever the action 
integral can be constructed from the field variables g^^, i^-^^ P alone. 

Now let the coordinates of a particle be z'^, functions of the proper time s measured along 
its world line. Put dz^ jds = v^ for velocity so v^v^^ = 1 and v^^ is a co- vector of power -1. 
One adds to the action the further terms (D39)) /i = —mfpds and I2 = e f P~^P^^v^ds 
(m and e being constants). Then these terms are in-invariants with (D40) I2 = e /(/3~^/?/i + 
K^)v^ds = e J[{d/ds){log{P)) + K^v'^]ds and the first term contributes nothing to the action 
principle. Thus I2 = e J K^v^ds which is unchanged when k^ ^ k^ + (j)^^ since the extra 
term is e J{d<j)/ds)ds. Thus for a particle with action /i + 12 the transformations (3) above 
are still possible. Now some calculation yields 
(4.11) 
m[g^^d{pv'')/ds + /3r.^.^^f " - /?.] = -et;'^F^, = m[d{Pv'')/ds + T^tyv'^ - 13^^] = eF'^^ 



Vu 



This is the equation of motion for a particle of mass m and charge e; if e = it could be 
called an in-geodesic. If one works with the Einstein gauge then the case e = gives the 
usual geodesic equation. Next one considers the influence the of particle on the field and 
this is done by generating a dust of particles and a continuous fiuid leading to an equation 

(4.12) p[Wvn,u + KaV'^v'' - P^] = ^^" 
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where p and a refer to mass and charge density respectively. 

4.2. THE SCHRODINGER EQUATION IN WEYL SPACE. We go now to San- 
tamato |95j and derive the SE from classical mechanics in Weyl space (cf. also |Sl l36ll^ ). 
The idea is to relate the quantum force (arising from the quantum potential) to geometrical 
properties of spacetime; the Klein-Gordon (KG) equation is also treated in this spirit. One 
wants to show how geometry acts as a guidance field for matter (as in general relativity). 
Initial positions are assumed random (as in the Madelung approach) and thus the theory is 
really describing the motion of an ensemble. Thus assume that the particle motion is given 
by some random process q^{t,uj) in a manifold M (where u is the sample space tag) whose 
probability density p{q, t) exists and is properly normalizable. Assume that the process 
q^{t,ijj) is the solution of differential equations (D41) cf'{t,uj) = {dq^ /dt){t,uj) = v^[q{t,uj)^t) 
with random initial conditions q^{to,co) = q^iuj)- Once the joint distribution of the random 
variables q^ioj) is given the process q^{t,uj) is uniquely determined by (D41). One knows 
that in this situation (D42) dtp + di{pv'^) = with initial Cauchy data p{q,t) = po{q)- The 
natural origin of w* arises via a least action principle based on a Lagrangian L{q, q, t) with 

(4.13) L*{q, q, t) = L{q, q, t) - <^{q, g, t); $ = _ = QtS + q'OiS 

Then v^{q,t) arises by minimizing (D43) I{tQ,ti) = E[J^^ L*{q{t,u!),q{t,u;),t)dt] where 
to, h are arbitrary and E denotes the expectation (cf. [HOI E2 IZ51 ES] for stochastic ideas). 
The minimum is to be achieved over the class of all random motions q'^{t,uj) obeying (D41) 
with arbitrarily varied velocity field v^{q,t) but having common initial values. One proves 
first 

BJ-f 

(4.14) dtS + H{q, VS, t) = 0; v\q, t) = -—{q, VS{q, t),t) 

Thus the value of I in (D43) along the random curve q'^{t,qo{uj)) is (D44) I(ti,to,uj) = 
J^ ^ L*{q{, qQ{uj)),q{t, qo{to)),t)dt. Let p{qo) denote the joint probability density of the ran- 
dom variables (?o('^) ^^^ then the expectation value of the random integral is 

(4.15) I{h,to)=E[I{ti,to,uj)]= [ [\{qo)L*{qit,qo),qit,qo),t)d"qodt 

JR" J to 

Standard variational methods give then 

'dL* 



(4.16) 61= f d^qopio) 



-{q{ti,qo),dtq{ti,qo),t)6q\ti,qo)- 



dq'- 
dt i-g^-Q—{Q{t,Qo),dtq)t,qo),t) - -g—{q{t,qo),dtq{t,qo),t)\ 6q'{t,qo) 

where one uses the fact that p{qo) is independent of time and 6q^{to, qo) = (recall common 
initial data is assumed). Therefore (D45) {dL* /dq^){q{t,qo),dtq{t,qQ),t) = and 

d dL* dL* 

^'^'^'^^ di'd^^^''*' 9o), 9tg(t, qo,t) - ^— (g(t, qo),dtq{t, qo),t) = 

are the necessary conditions for obtaining a minimum of I. Conditions 1)4. 17(1 are the usual 
Euler-Lagrange equations whereas (D45) is a consequence of the fact that in the most 
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general case one must retain varied motions with Sq^{ti,qQ) different from zero at the fi- 
nal time ti. Note that since L* differs from L by a total time derivative one can safely 
replace L* by L in H4.17() and Dutting H4.13() into (D45) one obtains the classical equa- 
tions (D46) Pi = {dL/dq^){q{t,qo),q{t,qo),t) = diS{q{t,qo),t). It is known now that if 
(D47) det[{d'^ L / dq'^ dq^ ^ then the second equation in H4.14() is a consequence of the gra- 
dient condition (D46) and of the definition of the Hamiltonian function H{q,p, t) = piq^—L. 
Moreover ()4.17() and (D46) entrain the HJ equation in H4.14() . In order to show that the 
average action integral H4.15() actually gives a minimum one needs 6^1 > but this is not 
necessary for Lagrangians whose Hamiltonian H has the form 

(4.18) Hc{q,p,t) = ^g'\pi - Ai){pk -Ak) + V 

with arbitrary fields Ai and V (particle of mass m in an EM field A) which is the form for 
nonrelativistic applications; given positive definite gik such Hamiltonians involve sufficiency 
conditions (D48) det[d'^L/d(f'dq^] = mg > 0. Finally (|4.17|) with L* replaced by L) shows 
that along particle trajectories the EL equations are satisfied, i.e. the particle undergoes 
a classical motion with probability one. Notice here that in 1)4. 14() no explicit mention 
of generalized momenta is made; one is dealing with a random motion entirely based on 
position. Moreover the minimum principle (D43) defines a 1-1 correspondence between 
solutions S{q,t) in (|4.14j) and minimizing random motions q^{t,uj). Provided f* is given 
via (|4.14j) the particle undergoes a classical motion with probability one. Thus once the 
Lagrangian L or equivalently the Hamiltonian H is given (D42) and (|4.14j) uniquely deter- 
mine the stochastic process q^{t,uj). Now suppose that some geometric structure is given 
on M so that the notion of scalar curvature R{q, t) of M is meaningful. Then we assume 
(ad hoc) that the actual Lagrangian is (D49) L{q,q,t) = Lc{q,q,t) + ^{fi^ /m)R{q,t) where 
(D50) 7 = (l/6)(n — 2)/(n — 1) with n = dim[M). Since both Lc and R are independent 
of h we have L — > Lc as /i ^ 0. 

Now for a Riemannian geometry (D51) ds^ = gik{q)dq^dq^ it is standard that in a trans- 
plantation g* — > g* -|- 6q^ one has (D52) 6A^ = Tl.^A^dq^. Here however it is assumed that 
for £ = {gikA^A )^''^ one has (D53) 6£ = i(j)kdq where the (pk are covariant components 
of an arbitrary vector of M (Weyl geometry). For a different perspective we review the 
material on Weyl geometry in ^^- Thus the actual affine connections F^^ can be found 
by comparing (D53) with 6i'^ = S{gikA^A ) and using (D52). A little linear algebra gives 
then 

(4.19) Ffc^ = - <^ ^^ > + g'"'igmk4>£ + gme4>k- gkiM 

(again in jHS] the notation F^^ is used in place of F*^^ - cf. Section 3.1). Thus we may 
prescribe the metric tensor gn^ and (pi and determine via ()4.19|) the connection coeffi- 
cients. Note that F^^ = F^^ and for (pi = one has Riemannian geometry. Covariant 
derivatives are defined for contravariant A via (D54) A\ = diA — Y A and for co- 
variant Af^ via (D55) Af^^i = diA^ + '^iiAg (where S^i = diS). Note Ricci's lemma no 



24 ROBERT CARROLL UNIVERSITY OF ILLINOIS, URBANA, IL 61801 

longer holds (i.e. gik/ ^ 0) so covariant difFerentiation and operations of raising or low- 
ering indices do not commute. The curvature tensor Rj^^^ in Weyl geometry is intro- 
duced via (D56) A*^ ^ — A^^ ^ = F^j^^A"^ from which arises the standard formula of Rie- 
mannian geometry (D57) <fc^ = -5,rj„, + a,r^, + Ti^,T^, - Tl^.T^^, wheregH must 
be used in place of the Christoffel symbols. The tensor -R,^^^ obeys the same symme- 
try relations as the curvature tensor of Riemann geometry as well as the Bianchi iden- 
tity. The Ricci symmetric tensor Rn. and the scalar curvature R are defined by the 
same formulas also, viz. Rik = Rf^/^ and R = g^^Rik- For completeness one derives here 
(D58) R = i?+(n — l)[(n — 2)(/<j(^* — 2(l/y^)9j(y^(/)*)] where i? is the Riemannian curvature 
built by the Christoffel symbols. Thus from (|4.19j) one obtains 

(4.20) /^n, = -/^ I ^^^ I - (n - 2)0^ r^, = - I ^^ I + nct>. 

Since the form of a scalar is independent of the coordinate system used one may compute 
R in a geodesic system where the Christoffel symbols and all digik vanish; then (|4.19j) 
reduces to (D59) r|^ = (t)k4 + (peSl - g^^'- Hence (D60) R = -g^'^dmTi^ + di{g^^Tl^) + 
g'^Ti,T^^,-g^'Ti,T^^,. Further from (D59) one has (D61) g'^^T^.Tl^^ = -{n-2){^kf) 
at the point in consideration. Putting all this in (D60) one arrives at (D62) R = R + 
(n — l)(n — 2)((^fc(/>'^) — 2(n — 1)9^0^ which becomes (D58) in covariant form. Now the 
geometry is to be derived from physical principles so the (f)i cannot be arbitrary but must 
be obtained by the same averaged least action principle (D43) giving the motion of the 
particle. The minimum in (D43) is to be evaluated now with respect to the class of all 
Weyl geometries having arbitrarily varied gauge vectors but fixed metric tensor. Note that 
once (D49) is inserted in 1)4. 13() the only term in (D43) containing the gauge vector is the 
curvature term. Then observing that 7 > when n > 3 the minimum principle (D43) 
may be reduced to the simpler form (D63) E[R{q{t,tLi),t)] = min where only the gauge 
vectors (pi are varied. Using (D58) this is easily done. First a little argument shows that 
p{q,t) = p{q,t)/^ transforms as a scalar in a coordinate change and this will be called 
the scalar probability density of the random motion of the particle. Starting from (D42) a 
manifestly covariant equation for p is found to be (D65) dtp + 0- / ^)di{^v^ p) = 0. Now 
return to the minimum problem (D63); from (D58) and (D64) one obtains 
(4.21) 

E[R{q{t,u;),t)]=E[R{q(t,oj),t)] + (n-l) [ [{n - 2)ct>ict>' -2{l/ ^)di{^(t>')]p{q,t)^(Pq 

J M 

Assuming fields go to rapidly enough on dM and integrating by parts one gets then 

(4.22) E[R] = E[R] - "^Elg^^ d,{log{p)dk{log{p)] + 

n — 1 

+ '^^E{g'%n - 2)(t>i + di{log{p)][{n - 2)</>fc + 4(%(/5)]} 
n — 2 

Since the first two terms on the right are independent of the gauge vector and g is positive 
definite E[R] will be a minimum when (D66) (j)i{q,t) = — [l/(n — 2)]di[log{p){q,t)]. This 
shows that the geometric properties of space are indeed affected by the presence of the 
particle and in turn the alteration of geometry acts on the particle through the quantum 
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force fi = ^{h^ /m)diR which according to (D58) depends on the gauge vector and its 
derivatives. It is this pecuhar feedback between the geometry of space and the motion of 
the particle which produces quantum effects. 

In this spirit one goes next to a geometrical derivation of the SE. Thus inserting (D66) 
into (D58) one gets (D67) R = R+ {l/2-iy/p)[l/ ^)di{^g'^dky/p)] where the value 
(D50) for 7 has been used. On the other hand the HJ equation 1)4. 13(1 can be written as 
(D68) dtS + Hc{q,VS,t) - -f{tf/m)R = where (D49) has been used. When (D67) is 
introduced into (D68) the HJ equation (D76) and the continuity equation (D65), with 
velocity field biven by ()4.14|) . form a set of two nonlinear PDE which are coupled by the 
curvature of space. Therefore self consistent random motions of the particle (i.e. random 
motions compatible with (D60)) are obtained by solving (D65) and (D68) simultaneously. 
For every pair of solutions S{q, t, p{q, t)) one gets a possible random motion for the particle 
whose invariant probability density is p. The present approach is so different from traditional 
QM that a proof of equivalence is needed and this is only done for Hamiltonians of the form 
(|4.18j) (which is not very restrictive). The HJ equation (D69) corresponding to (|4.18|) is 

(4.23) dtS + :^g'HdiS - A,){dkS -Ak) + V- ^-R = 

Zm m 

with R given by (D67). Moreover using 1)4.14(1 as well as (|4.18|) the continuity equation 
(D65) becomes (D69) dtp + {l/m^)di[p^g'^{dkS - A^)] = 0. Owing to (D67) K7^ 
and (D69) form a set of two nonlinear PDE which must be solved for the unknown func- 
tions S and p. Now a straightforward calculations shows that, setting (D70) il^{q, t) = 
\/p{q, t)exp] {i/h)S{q, t)], the quantity ip obeys a linear PDE (corrected from j95] ) 



(4.24) ihdti^ = ^ 

2m 






\/9 



g"'{ihdk + Ak)}ip + 



V --f—R 
m 



^ = Q 



where only the Riemannian curvature R is present (any explicit reference to the gauge 
vector (pi having disappeared). (j4.24|) is of course the SE in curvilinear coordinates whose 
invariance under point transformations is well known. Moreover (D70) shows that IV'P = 
p{q, t) is the invariant probability density of finding the particle in the volume element 
dJ^q at time t. Then following Nelson's arguments that the SE together with the density 
formula contains QM the present theory is physically equivalent to traditional nonrelativistic 
QM. One sees also from (D70) and (|4.24j) that the time independent SE is obtained via 
(D71) S = So{q) — Et with constant E and p{q). In this case the scalar curvature of space 
becomes time independent; since starting data at to is meaningless one replaces (D65) with 
a condition /^^ p{q)\/gd^q = 1- 

REMARK 4.1. We recall (cf. j3Uj ) that in the nonrelativistic context the quantum 
potential has the form Q = —{fi^/2m){d'^^/y/p) {p ^ p here) and in more dimensions 
this corresponds to Q = — (/i^/2m)(A-^/p/y^). In Section 5.2 we have a SE involving ip = 
y/pexp[{i/h)S] with corresponding HJ equation (|4.23j) which corresponds to the flat space 1- 
D (D72) St+{s'f/2m+V+Q = with continuity equation dtp+d{pS' /m) = (take ^fc = 
here). The continuity equation in (D69) corresponds to dtp+{\/m^)di[p^g^^{dkS)] = 0. 
For ^fc = KT^ becomes (D73) dtS+{l/2m)g^^diSdkS+V --i{h^ /m)R = 0. This leads to 
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an identification (D74) Q ^ —^{h?/m)R where R is the Ricci scalar in the Weyl geometry 
(related to the Riemannian curvature built on standard Christoffel symbols via (D58)). 
Here 7 = (1/6) [(n — 2)(n — 2)] as in (D50) which for n = 3 becomes 7 = 1/12; further by 
(D66) the Weyl field (pi = —dilog{p). Consequently (see also Remark 4.3). 

PROPOSITION 4.1. For the SE (|I^ in Weyl space the quantum potential is Q = 
— {fT?/12m)R where R is the Weyl- Ricci scalar curvature. For Riemannian flat space i? = 
this becomes via (D67) 

(4.25) fi. 1 8„.'.8,^.i_^^0 = _|l^ 

27^ 27 ^ 2m ^ 

as is should and the SE 1)4. 24() reduces to the standard SE ihdtilj = —{lT?/2m)A%lj + Vip 
{Ak = 0). ■ 

REMARK 4.2. We recall next from ^^ that the Fisher information connection to 
the SE involves a classical ensemble with particle mass m moving under a potential V 
(D75) St + ^{S'f + V = 0; Pt + ^d{PS')' = where S is a momentum potential; note 
that no quantum potential is present but this will be added on in the form of a term 
(l/27Ti) J dt{AN)'^ in the Lagrangian which measures the strength of fluctuations. This can 
then be specified in terms of the probability density P leading to a SE (cf. [S^ EHl EZl 1551 

). One can also approach this via (1-dimension for simplicity) 



(4.26) 5, + J^(ST + V + A((^-^).0 

Note that Q = -{h^ /2m){R" /R) becomes for R = P^s (1376) Q = -{2h^ /2m)[{2P" /P) - 
(P'/-f)^]- Thus the addition of the Fisher information serves to quantize the classical 
system. One also defines an information entropy (IE) via (D77) S = — J plog{p)d^x {p = 
IV'P) leading to 

(4.27) — = {l + log{p))d{vp)' ' ^P> 



dt J ' ^''^'' J P 

modulo constants involving D ~ h/2m. 6 is typically not conserved and dtp = — V • 
{vp) (u = D'Vlog{p) with v = —u corresponds to standard Brownian motion with d&/dt > 
0. Then high IE production corresponds to rapid flattening of the probability density. Note 
here also that ^ ~ — (2/D^) J" pQdx = J dx[{p')'^ / p] is a functional form of Fisher informa- 
tion. This leads one to conjecture that for the SE 1)4.24(1 in Weyl space there is a direct 
connection between the Ricci- Weyl curvature and Fischer information in the form of the 
quantum potential; this in turn suggests a connection between information entropy and 
curvature. ■ 

REMARK 4.3. The formulation above from [HS] was modified in |9H! to a deriva- 
tion of the Klein-Gordon (KG) equation via an average action principle with the restric- 
tions of Weyl geometry released. The spacetime geometry was then obtained from the 
action principle to obtain Weyl connections with a gauge field (p^. The Riemann scalar 
curvature R is then related to the Weyl scalar curvature R via an equation (D78) R = 
R — 3[{l/2)g^'^(l)fj,(f)i, + (1/a/— 5)5^(\/— 55^'^<Aj^]- Explicit reference to the underlying Weyl 
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structure disappears in the resulting SE (as in H4.24() ). The HJ equation in ^^ has the 
form (for ^^ = and ^ = 0) (D79) g^'^d^SdyS = m? — (-R/6) so in some sense (re- 
cah here h = c = I) (D80) m^ - (R/Q) ~ Tf (via (EISl)) where Tf = rn^exp{Q) and 
Q = {h^/m?c^){n^/^) ~ {U^jrr?^) via (|T!)|) (for signature (-,+,+,+)). Thus for 

exp(Q) ~ l + Qonehas(D81) m^-iRj^) ~m2(l + Q) ^ (i?/6) Qrn^ ~ -(D^/^). 

This agrees also with J36' where the whole matter is analyzed incisively. ■ 
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